Abstract. We highlight a number of interesting properties of nonlinear chains consisting of masses that interact via anharmonic springs. In particular, we focus on the effects of a thermal environment and on the role that thermal fluctuations may play in energy localization and propagation in these chains.
INTRODUCTION
Energy localization and propagation in nonlinear arrays of oscillators has been a subject of considerable recent interest. The literature on this subject is enormous, so any particular reference would necessarily be woefully incomplete. We refer the reader to our own work and the fairly extensive references therein [1] [2] [3] [4] [5] . Much of the recent work deals in one way or another with the search for design characteristics that lead to most effective energy localization and/or propagation, and the identification of external control parameters that can be adjusted easily (such as the temperature or external forces) to achieve such optimization.
We focus on perhaps the simplest nonlinear arrays, namely, chains of masses connected by harmonic or anharmonic springs. Our studies differ from and complement many in the literature in that 1) we include inertial contributions (some of the most interesting behavior presented here is observed at low damping), and 2) we focus on the effects of a thermal environment.
Herein we highlight some of our results concerning four sets of questions: 1) What is the texture (magnitude, spatial distribution, persistence) of thermal fluctuations in various chains? [1, 4] 2) How does a pulse travel and disperse along the chains and how are these properties affected by temperature? [2] 3) How do various chains transmit a persistent signal applied at one end (amplitude and distance of travel) and how are these properties affected by temperature? [3] 4) If a bistable impurity is embedded in a thermalized chain, how does the nature of the chain affect the transition rate of the impurity? [4, 5] The equations of motion for chains of N unit masses with appropriate boundary conditions specified later for each situation arë
where n = 1, · · · , N , γ is a dissipation parameter, and the η's are zero-centered Gaussian thermal fluctuations that obey the fluctuation-dissipation relation at temperature T , η n (t)η m (τ ) = 2γk B T δ nm δ(t − τ ). Dots denote time derivatives and the prime a derivative with respect to x n . The potential of interaction V (x n , x m ) connects only nearest neighbors. We consider three prototype potentials (here x ≡ x n − x m ): the usual harmonic, V (x) = kx 2 /2, and the anharmonic potentials
The numerical integration of the stochastic equations is performed using the second order Heun's method (equivalent to a second order Runge Kutta integration) [6, 7] .
ILLUSTRATIVE RESULTS
We display a typical set of illustrative examples of the various scenarios mentioned earlier. We begin, though, by stating some overarching conclusions that seem to underlie all observations: 1) Soft oscillators experience greater thermal fluctuations than harmonic or hard (which experience the least) at a given temperature. 2) Chains of hard oscillators are characterized by an average frequency that increases with increasing energy. The average frequency of a chain of harmonic oscillators is independent of energy, while that of a chain of soft oscillators decreases with increasing energy.
3) The velocity of propagation of localized energy pulses increases with increasing frequency; energy dispersion decreases with increasing frequency.
Thermal Equilibrium. In Fig. 1 we display a typical set of equilibrium energy landscapes for the three chains with periodic boundary conditions [1, 4] . The temperature is sufficiently high for the soft and hard chains to sample the anharmonic portions of the potentials. Darker regions indicate higher energies. The landscapes are displays of the local energies E(n) defined as
The horizontal axis is the location n along the chain and the vertical axis is time evolving upward. Noteworthy features (robust over broad ranges of parameter values and consistent where appropriate with the overarching conclusions stated above) are: 1) The magnitude of the fluctuations is greatest in the soft chain; 2) The fluctuations are mobile in the harmonic and hard chains but not in the soft; 3) The thermal fluctuations travel most rapidly and remain localized over considerably greater distances in the hard chain. Pulse Propagation. Here a strong (relative to thermal motions) kinetic energy pulse is applied to a particular site on the chain. The pulse then propagates and disperses. We obtain the following results, not all of which can be illustrated here [2] . The pulse in the hard chain propagates more rapidly as one increases its intensity, decreases the damping, or increases the temperature. The pulse in the soft chain propagates more slowly with these same variations, and the pulse velocity in the harmonic chain is independent of these variations. The dispersion increases in all cases with increasing temperature, but most slowly in the hard chain. The tendency of the hard array to keep the energy "together" and the tendency to transport it more quickly may conflict under certain conditions. For example, in a two-dimensional hard array a front travels more rapidly with increasing temperature, but a local pulse that would have to travel out radially tends to remain localized because outward motion along the bonds of the lattice as required by symmetry would disperse the energy [2] . A rather dramatic illustration of the different effects of damping on the different chains is shown in the first panel of Fig. 2 . The effect of a temperature increase is illustrated in the second panel of the figure. The quantities displayed are the local energy E(n) defined in Eq. (3) (here illustrated for n = 5), and the average distance x traveled by the pulse, defined as Signal Transmission. We apply a sustained sinusoidal force at one end of an otherwise free chain, that is, on the first site we impose a momentuṁ x(t) = A sin(ω 0 t). We then observe how this signal travels along the chain and, in particular, how fast and how far it goes and how these quantities depend on the temperature. We observe that in a hard chain increasing the temperature can lead to enhanced signal propagation (whereas this does not occur for the other chains). Of course if the temperature is too high the signal is buried in the fluctuations and transmission ceases to be effective. We find that one can tune the temperature to achieve optimal transmission properties, with a specific temperature leading to optimization of a specific property. For example, there is an optimal temperature to maximize the signal-to-noise ratio (SN R) at a given distance from the forced site, or one can choose a temperature to optimize the transmission distance. These effects are illustrated in Fig. 3 . The SN R at site j is expressed in terms of the power spectral density S j (ω) at each site j defined as a Fourier transform of the velocity autocorrelation function, SN R(j) ≡ log 10 signal power (j) thermal power (j) ,
where the thermal power is estimated by performing a polynomial fit to S j (ω) around -but not including-the forcing frequency ω 0 , and the signal power is just the value S j (ω 0 ) [3] . The SN R at different distances from the forced site as a function of temperature for a hard chain is shown in the first panel (in the other chains the dependences are monotonically decreasing at all sites). The propagation length (defined as the maximum distance at which the SN R exceeds a threshold value arbitrarily picked here as 0.4) as a function of temperature is shown in the second panel. We have identified the maxima in the curves as thermal resonances.
Bistable Impurity. A bistable system in a thermal environment is often invoked as a model for chemical processes. One well represents the "reactant" state, the other the "product" state, and separating them is the "activation barrier". A thermal environment may induce transitions from one state to the other, and one studies the associated transition rate or "reaction rate". This rate of course depends on the nature of the thermal environment and the way in which the bistable system is coupled to it. For example, one of the most extensively studied problems is that of the dependence of the transition rate on the damping [8] : at low damping the system is in the "energy-limited" regime where the transition rate increases with increasing damping. In this regime it is difficult for the system to gain or lose energy. Therefore the system tends to move periodically within one well, rarely gaining enough energy to move over the barrier. When it does so, it tends to recross the barrier many times within this single event before losing energy and becoming trapped again in one of the wells, where it again performs periodic motion. With increasing damping the transition eventually becomes "diffusionlimited." Here the system tends to move erratically within one well. The system can easily gain energy from large fluctuations, but it can also lose energy rather easily. Therefore the independent barrier crossing events are more frequent, but recrossings are rare and the system immediately gets trapped in a well where it moves erratically until another large fluctuation causes another barrier crossing event.
If a bistable system is embedded in a chain which is in turn connected to a thermal environment characterized by a given temperature and damping, how does the nature of the chain affect the transition rate [4] ? A preview of possible answers can be seen in Fig. 4 , which shows the trajectory of the coordinate y of a bistable system connected to the three types of chains. When the bistable system is in the right (left) well the coordinate is y = 1 (y = −1). The thermal fluctuations and crossings over the barrier at y = 0 are apparent. Note that these three sample trajectories involve the same damping and temperature -the only difference lies in the nature of each chain. Nevertheless the trajectories are entirely different; in particular, in the hard chain the trajectory is typical of the diffusion-limited regime, while in the soft chain it is that of the energy-limited regime [9] . This is a direct reflection of the behavior seen in Fig. 1 , that is, of the fact that in the hard chain the thermal fluctuations created elsewhere along the chain have a good chance of reaching the bistable impurity and hence causing a transition, but the same energy mobility also makes it easy for the impurity to then lose its energy back to the chain. In the soft chain, on the other hand, only fluctuations that occur in the sites immediately adjacent to the impurity can excite the impurity -fluctuations originating elsewhere do not travel to the impurity. These neighboring fluctuations are rarer but stronger and more persistent.
A useful characterization of these trajectories is the correlation function
where the brackets indicate an average over t. The correlation functions for the three trajectories of Fig. 4 are shown in Fig. 5 . The oscillations apparent in the soft and harmonic chain at short times are the direct result of oscillatory motion characteristic of energy-limited behavior. The alternation of amplitudes of the oscillations in the soft chain correlation function is a direct consequence of the correlated periodic motion above the barrier that is associated with the prolonged bursts that often accompany the barrier crossing event. Such bursts are not nearly as prevalent in the harmonic system. The hard chain correlation function decays essentially monotonically: the supression of oscillations is indicative of the erratic motion within the wells that is characteristic of higher effective damping. The slopes in the logarithmic rendition can be associated with the inverse of the transition rate from one well to the other. The transition rate is highest for the hard chain and lowest for the soft. The hard chain clearly provides the most favorable environment for transitions to occur at a given temperature. More detailed explanation, comparisons, and parameter variation effects can be found in Ref. [4] .
